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JEAN-FRANÇOIS BIASSE, CLAUS FIEKER, AND TOMMY HOFMANN

Abstract. We present a variation of the modular algorithm for computing
the Hermite Normal Form of an OK -module presented by Cohen [3], where OK

is the ring of integers of a number field K. An approach presented in [3] based
on reductions modulo ideals was conjectured to run in polynomial time by
Cohen, but so far, no such proof was available in the literature. In this paper,
we present a modification of the approach of [3] to prevent the coefficient swell
and we rigorously assess its complexity with respect to the size of the input
and the invariants of the field K.

1. Motivation

Algorithms for modules over the integers such as the Hermite Normal Form
(HNF) algorithm are at the core of all methods for computations with rings and
ideals in finite extensions of the rational numbers (number fields). Following the
growing interest in relative extensions, that is finite extensions of number fields,
the structure as module over more general coefficient domain became important.
This allows for example to handle the arithmetic of ideals in relative extensions
of number fields. Modules over the ring of integers also occur in lattice-based
cryptography [5, 6, 7, 8, 9], where cryptosystems rely on the difficulty to find a short
element, and in list-decoding of number field codes [1]. Based on the pioneering
work of Bosma and Pohst [2], the computation of a Hermite Normal Form (HNF)-
basis was generalized to OK-modules by Cohen [3, Chap. 1] (for a comparison
between implementations of the work of Bosma and Pohst and the one of Cohen,
see [4, Chap. 6]). The goal of this talk is to prove the polynomial complexity of
a modified version of Cohen’s algorithm which was assumed in the litterature but
not formally proven until a preliminary version of this work was published at the
ISSAC-2012 conference.

2. OK-modules and the Hermite Normal Form

Let K be a number field, OK its ring of integers and M a finitely generated
torsion-free OK-module of rank n. We say that an indexed family (αi, ai)i≤m where
αi ∈ K ⊗OK M and where the ai are fractional ideals of K is a pseudo-generating
set if

(1) M = a1a1 + · · ·+ amam.

Moreover, it is an pseudo-basis of M if we have M = a1a1 ⊕ · · · ⊕ amam (and
therefore n = m). Given a pseudo-generating set denoted as in (1), we call (A, I)
a pseudo-basis for M where the rows of A ∈ Km×n are the coefficients of the ai
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and where I = (ai)i≤m. In particular, given a pseudo-basis (A, I) where the rank
of A is n, there exists an m×m matrix U = (ui,j)i,j over K and m non-zero ideals
b1, · · · , bm satisfying

(1) ∀i, j, ui,j ∈ b−1
i aj .

(2) a = det(U)b for a =
∏

i ai and b =
∏

i bi.
(3) The matrix UA is of the form

UA =




1 0 . . . 0
... 1

. . .
...

...
...

. . . 0
∗ ∗ . . . 1

(0)




.

(4) M = b1B1 ⊕ · · · ⊕ bnBn where B1, · · ·Bn are the first n rows of UA.
The pseudo-matrix (H, (bi)i≤n), where H consists of the n non-zero rows of B, is
called the (upper right) pseudo-HNF of (A, I).

3. Main result

Given a pseudo-matrix (A, I), we provide a polynomial time algorithm in the
size of the input and of the invariants of K for computing a pseudo-HNF of (A, I)
(note that given our definition, it is not unique). In [3, Chap. 1], Cohen described
an algorithm where the row operations leading to the pseudo-HNF of (A, I) are
performed modulo its determinantal ideal (that is det(A)

∏
i ai is the square case).

Cohen conjectured that, as for the HNF over the integers, the modular approach
was going to run in polynomial time. In fact, modifications to Cohen’s approach
needed to be made to achieve this result since the modular reductions alone do
not prevent the growth of denominators of elements of K that are manipulated
during row operations. In this talk, we show how to overcome this difficulty and
we carefully analyze the complexity of the resulting algorithm for computing the
pseudo-HNF with respect to a notion of size of elements and fractional ideals of K
that accounts for the denominators.
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[9] D. Stehlé, R. Steinfeld, K. Tanaka, and K. Xagawa. Efficient public-key encryption based
on ideal lattices (extended abstract). In Advances in Cryptology - ASIACRYPT 2008, 14th
International Conference on the Theory and Application of Cryptology and Information Se-
curity, Melbourne, Australia, December 7-11, 2008. Proceedings, volume 5912 of LNCS, pages
617–635. Springer, 2009.

Department of Mathematics and Statistics , University of Calgary , Calgary Al-
berta T2N 1N4 , Canada

E-mail address: biasse@lix.polytechnique.fr

Fachbereich Mathematik, Universität Kaiserslautern, Postfach 3049, 67653 Kaiser-
slautern - Germany

E-mail address: fieker@mathematik.uni-kl.de

Fachbereich Mathematik, Universität Kaiserslautern, Postfach 3049, 67653 Kaiser-
slautern - Germany

E-mail address: thofmann@mathematik.uni-kl.de


